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HESSIAN OF THE ZETA FUNCTION FOR THE LAPLACIAN ON FORMS 


K. Okikiolu and C. Wang 


Abstract. Let M be a compact closed n-dimensional manifold. Given a Riemannian metric on M, we 
consider the zeta functions Z{s) for the de Rham Laplacian and the Bochner Laplacian on p-forms. The 
hessian of Z{s) with respect to variations of the metric is given by a pseudodifferential operator Ts- When 
the real part of s is less than n/2 — I we compute the principal symbol of Ts- This can be used to determine 
whether a general critical metric for {d/ds)^Z{s) has finite index, or whether it is an essential saddle point. 


1. Introduction. 

Over the last fifteen years, several results have been proved which identify maximal or minimal 
metrics for the determinant of a geometric elliptic operator on a compact manifold. In [OPSl], surfaces 
of constant curvature were shown to maximize the determinant of the Laplacian within the conformal 
class. Most higher dimensional cases studied involve extremizing a conformally covariant operator 
within a conformal class. In these cases local variation formulas are available, [B0], [Po], and global 
results have been obtained, see [BCY], [Br], [CY]. (Some results also exist for manifolds which are non- 
closed or non-compact, see for example [BFKM], [CQ], [HZ], [OPS2], [OPS3].) In addition, extremal 
metrics for special values of the zeta function for conformally covariant operators have been studied, see 
[Mo]. The zeta function for the de Rham Laplacian on forms is interesting because of its connection to 
topology. For the Laplace-Beltrami operator Aq, the standard 3-sphere is a local maximum for det Aq, 
but if n > 7 is odd, the standard n-sphere is a saddle for det Aq, see [Okl], [Ri]. Beyond the scalar 
case, the determinant of the de Rham Laplacian was studied in relation to analytic torsion, [Ch], [Mii], 
[RS] and the variation of the zeta function was studied in [Ro], but there does not seem to have been 
progress on the subject of critical metrics since then. (In the non-scalar case there is not a great deal 
known about the spectrum of the Laplacian on forms. See [Ba], [BGV], [CT], [CC], [Fe], [Do], [Go], 
[Lo], [Ta] for results and further references.) In [Ok2] it was shown that for general geometric operators 
of Laplace type, the Hessian of the zeta function is given by a pseudodifferential operator Tg, and when 
< n/2 — 1, a formula for the principal symbol Us{x,^) was given. In the current paper we compute 
Ug explicitly for the case of the de Rham and Bochner Laplacians on p-forms. This can be applied to 
compute the behavior of the determinant and zeta function in the neighborhood of critical metrics. The 
computation of Ug is somewhat lengthy for the de Rham Laplacian. The proof given here can serve as 
a blueprint for carrying out the calculation for any operator of Laplace type. Happily, the results of 
the calculations are simple to state, see Theorem I. 

In order to present the results we set up some notation. Let M be a closed, compact n-dimensional 
manifold, let x be a character of the fundamental group of M, let denote the complex line over M 
twisted by X) let H^(M, L^) denote the space of smooth p-forms valued in L^, and let d denote the 


The first author was supported by the National Science Foundation :?^DMS-9703329. 


Typeset by .AAd^-T^X 


1 



exterior differential. For the Riemannian metric g on M, let dV be the volume form on M and let V 
be the volume of M. For any tensor bundle E over M with values in L^, the metric g naturally gives 
rise to an inner product ( , )g on E, an an inner product (( , ))^ on the smooth sections of E, and a 
connection V on E. We consider the de Rham Laplacian d*d + dd* and the Bochner Laplacian V*V 
on L^). These differ by a curvature operator. We use the notation Ap to denote either of the 

two operators. Let 

Ai < A2 < ... 

be the non-zero eigenvalues of Ap. The spectral zeta function 


Zis) = Z(Ap)(s) = 

j=i 


converges for > n/2 and extends to a meromorphic function with simple poles located at 


^ ^ r n/2, n/2-1, ..., 1, 
I n/2, n/2-1, . 

The spectral determinant of Ap is defined to be 


det Ap = e ^ 


n even, 
n odd. 


Dehne the modified zeta function to be 


( 1 . 1 ) 


Z{s) = Z{A,){s) 


F(s)Z(s) dimkerAp 

F(s - n/2) ^ s F(s-n/2)’ 


which is entire in s. We remark that the dimension, f3p{x), of the kernel of the de Rham Laplacian is a 
topological invariant, and is consequently invariant under changes of the metric. 

Let denote the bundle of symmetric tensor fields of type (0,2) on M, and let C°°{S‘^M) denote 
its space of smooth sections. The Hessian of the modihed zeta function is the bilinear form on C°° {S‘^M) 
defined by 


Hess^(s)(/i, h) 


da^ 


Z{Ap{g + ah)){s). 

a=0 


We recall the following result which holds for the general geometric operator A of Laplace type 
defined on a tensor bundle. 


[Ok2, Theorem 1]. For s G C, there exists a unique symmetric pseudodifferential operator Tg = 
r,(A) : C°°{S‘^M) C^iS^M) such that 


(1.2) RessZ{s){h,h) = {{h,Tgh))g. 

The operator Tg is analytic in s. For s ^ n/2 F N+, there exist poly homogeneous pseudodifferential 
operators Ug and Vg of degrees n — 2s and 2 respectively such that Tg = Ug FVg. The operators Ug and 
Vg are meromorphic in s with simple poles located inn/2 + N+. (The poles of Ug and Vg cancel in the 
sum Tg = Ug + Vg, but the symbol expansion of Tg for s G n/2 + N+ involves logarithmic terms.) For 
general s, the poly homogeneous symbol expansion of Ug is computable from the complete symbol of the 
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operator A. In particular, there is a simple algorithm to compute the term Us of homogeneity n — 2s. 
Furthermore, we can differentiate in s to obtain 


(1.3) 


Ress{d/ds)'^Z{s){h,h) = {{h,{d/dsfT,h))g, 


and the principal symbol of {d/ds)^Ua is equal to the leading order term of {d/ds)^Us (provided this does 
not vanish identically). 

The purpose of this paper is to compute the symbol Us{x, f) for the de Rham and Bochner Laplacians. 
This is the principal symbol of Ts when Us < n/2 — 1, (providing it does not vanish identically) and 
so for s in this range, Ua governs to some extent how (d/ds)^Z{s) behaves in the neighborhood of a 
critical metric. In particular, Ua{x,f,) generally governs the behavior of logdet A. We remark that the 
above theorem was stated in [Ok2] for the case when the Laplacian has been normalized to be scale 
invariant, but this assumption is easily seen to be unnecessary. 

For a point x G M, we write End(T^M) for the endomorphisms of the cotangent space TfM, and we 
write “tr” for the trace function on End(T^M). It is convenient to introduce the variable S = s — n/2, 
and set 


(1.4) 


C = C{n,s) 


. 1 y/2 

V4^y r(-25 + 2 )' 


Theorem 1. Suppose g is a metric on M, x is a point of M, and h G SfM. Set 


(1.5) 


H = hg-^ £ End{TfM). 


For a non-zero covector f G TfM, let 


U^:T:{M) ^ TfiM) 

denote the g-orthogonal projection onto the space spanned by f, and let 

(1.6) = I - n^. 

Let Ap be the de Rham or Bochner Laplacian on p-forms, and in the case of the Bochner Laplacian 
assume that the dimension of its kernel has constant dimension when g is deformed. Then at the metric 
9, 

(1.7) {h,ua{x,f)h)p = 2C{n,sMr^^[h{Ap) tr ((i^n^^)^) + ^(Ap) {ti , 

where 

(1.8) MV*V){n,p,s) = (5-1/2) + ^ , 

(1.9) / 2 (V*V)(n,p,s) = (52 + 5-3/4) + i . 

(1.10) Md*d + dd*){n,p,s) = (52 + 5-3/4) + i , 

(1.11) Md*d + dd*){n,p,s) = (52 + 5-3/4) + i , 


3 



Before discussing applications, we point out some features of the result. Firstly one notices that for 
r/ G T*M, if /i G S^M is given by 

(1.12) h = ^ (g) r/ + r/(8)^ 
then 

UfHnf = 0. 

Hence for any k G S‘^M, writing K = kg~^ we have 

(1.13) 

{k,Us{x,^)h)g = 2C{n,s)\^\^ (/i trace (KH^ffH^) + /2 (trace K H^ )(trace//H^ ) ) = 0. 

This reflects on a micro-local level the fact that if </)(q;) is a one parameter family of diffeomorphisms 
of M with i;/)(0) equal to the identity and we set 

_ d(p{a)*g 
da 

then Hess 2(s)(A:, h) vanishes for every k G C°°{S‘^M). It is easy to see that if /i G S'^M does not have 
the form in (1.12) then 

(1.14) trace ((ffH^)^) > 0, —^ trace ((//H^)^) > (trace > 0. 

Secondly, we remark that instead of considering the full de Rham Laplacian, we can consider the 
operator d*d acting on p-forms. The zeta function for this operator is 

Z{{d*d)p){s) = ^(-l)*’-« Z((d*d + dd*),)(s). 

g=0 

From Theorem 1, we find that the symbol Us{x,^) for the Hessian of Zd*d{s) is given by 

(1.15) 

{h,Us{x,0h)g = C{n,s) (^fi{n-l,p,s)tT {{HUff) + / 2 (n - l,p, s) (tr iJH^ 

Thirdly we remark that the analytic torsion r defined in the acyclic case by 

1 

-logr = y^(-l)P+^p log det{d* d + dd*)p 

p=0 

is a topological invariant. This implies that the corresponding alternating sum of symbols uo{x,^) for 
d*d + dd* on p forms must vanish, and this is easily seen to be the case. In fact a stronger result is 
easily seen to be true from Theorem 1, namely for both the de Rham and the Bochner Laplacian Ap 
and for all s and all /c = 0,1,..., 

n 

(1.16) Us{Ap){x,C) = 0. 

p=0 

Lastly we remark that the character x plays no role in our results which come from local calculations. 
The only thing one sees in the results related to the line bundle is the factor “2” in the right hand 
side of (1.7) which comes from the fact that the complex line has real dimension 2. 

In a subsequent paper, we will show how Theorem 1 implies following results. 
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Theorem 2. Suppose n > 3, s is real and s < n/2 — 1, and Ap is either the de Rhani or the Bochner 
Laplacian. For j = 1,2, we eonsider the real numbers fj = fj{Ap){n,p,s). 

(a) . If fi and fi/{n — 1) + /2 and are both positive or both negative, then every critical metric g for 

(1.17) (-l)''sgn(/i) {d/dsfZ{s) 

has finite index. (That is, there exists a submanifold X of M. of finite codimension, eontaining g, such 
(_l)fc sgn(/i) {d/ds)^Z{s) has a local minimum at g on X.) 

(b) . Conversely, if fi and f\/{n—l)+f 2 have opposite signs, then every critical metric g for {d/ds)^Z{s) 
is an essential saddle point. (That is, there are two infinite dimensional submanifolds X ,y , of Ai, both 
eontaining g, sueh that {d/dsYZ{s) has a loeal minimum at g on X and a local maximum at g on y.) 

Corollary. Let n > 3. If n = 1, mod 4, every eritieal metric for + dd*)p has finite index. If 

n = 3, mod 4, every eritieal metric for 1/ (let{d*d + dd*)p has finite index. The same is true if the de 
Rham Laplacian is replaced by the operator d*d or the operator dd* aeting on p forms. However, for 
the Boehner Laplaeian on forms of degree p 0,n, the determinant may have an essential saddle point. 
The lowest dimension in whieh this happens is n = 4. 

We remark that because we have not normalized the Laplacian to be scale invariant, a critical metric 
in the results above is one which is critical for the given functional under variations of the metric which 
preserve the total volume. 

The rest of the paper is devoted to proving Theorem 1. We work throughout in the real case, where 
the Laplacian is acting on real valued p-forms. Because the calculation is entirely local, the character 
y plays no role. The effect of going from the real case to the case to the case of the complex line 
is just to multiply Ug by the factor 2, and this is the factor 2 which appears in (1.7). In Section 
2, we discuss the general formula for Ug which was given in [Ok2], and we rewrite it in terms of the 
eoeffieient symbols of the first variation of the Laplacian. In Section 3, we compute the leading order 
terms in the first variation of Ap, where Ap is the Bochner or de Rham Laplacian. This is carried out 
in coordinates utilizing (3.7) as suggested by a referee for an early version of the paper which dealt 
only with the de Rham operator. Our change in notation has the advantage that the Bochner and de 
Rham Laplacians can be dealt with in the same way, and it will also hopefully make the proofs easier to 
follow. In Section 4, we identify the matrix entries of the first variation of the Laplacian. In Sections 5 
and 6, we substitute these matrix entries into our formula for Ug, thus proving Theorem 1. For case of 
the de Rham Laplacian, it is essential to work in coordinates ^ in which h is diagonal, since otherwise 
the calculation becomes extremely lengthy. It is justified to choose to work in such coordinates because 
Ug is the principal symbol of a pseudodifferential operator, and hence does not depend on the choice of 
coordinates. Section 7 contains some observations on the calculation of Ug for the de Rham Laplacian 
in general coordinates. 

2. The general formula for Ug. 

Our starting point to prove Theorem I, is the following result which gives Ug in the general case. 

[Ok2, Theorem 2]. The symbol Ug for the general geometric operator A of Laplace type on the tensor 
bundle E of real dimension N ean be computed as follows. Write Ap = {d/da)\cr=o^pig + ^^) 
let X G M. Take eoordinates on M whieh are orthonormal in the metric g at the point x, and take 
a local trivialization of E on a neighborhood of x to obtain coordinates for E. Suppose that in these 
eoordinates, the operator A'^ is given at the point x by 

( 2 . 1 ) a ; = Al^ {dZh,{x)) dl 
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where a and (5 are multiindices and ^ is an N x N real valued matrix. Set 
( 2 . 2 ) 


C(„„) . 


An) r(-25 + 2)' 

Then at (x,^) G T*M, the value ofUs{x,^) G End(5^M)a, is given by 
(2.3) {us{x,i)h)ij = C{n,s) ^ Usid"^,d^,d'^,d^,x,^) tTace{A''^^^{x) A’^^s{x)) hke, 

H + \I3\=2 
\'r\ + \S\=2 
k,£ 


where writing I for the identity operator on E^, the terms Ugid^^ , , x, f) are given as follows: 

(2.4) u,{d,dk, I, dpd„ /, x,0 = 4(4^2 _ 

(2.5) u,id„ dk, dpd„ I, x,f) = -2(45^ - i)06epC,ier“"^“". 

(2.6) Us{d,, dk, dp, dg, x,0 = (45^ + 25 - 2)C,efcU9lCr“''“" " (2^ " ■ 

(2.7) uAi, d,dk, dpd„i, x,o = (452 - + (25 - ■ 

(2.8) Us{I, djdk, dp, dg, x,f) = -(25^ + 5- lXj^k^p^glfr~^''~^ 

+ (S- l/2)(-dgkfp^g + Sgg^k^p + 4,^, ^^ ) | ^ P ^ ^ 

(2.9) Us{I, djdk, I, dpdq, x,i) = 

(52+5)44441^1"-"'^-' + ^(5-i)4fc44ier-"^-" + ^(5-i)444.ier-"^-" 

“ l^{^jp^kf,q E dkqf,jf,p + djqf^kf,p + dkpf,jf,q)\f,\^ 2s 2 _|_ _ _j_ _j_ |^|n 2s ^ 


It is convenient to introduce the following notation. 

( 2 . 10 ) h-f = Y^hijij, f-h-f = Y^hij^i^j, , tTh = Y^hii. 

i i,j \ i,j / i 

Note that the matrix for i/II^ is 

14 ^ ^ hjkfkfj ; 
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so 

(2.11) tr((i7n5^)") =|/i|2 - 2\i\-^\h-^\^ + 

We will now write Us as a sum 


( 2 . 12 ) 




= C{n,s){u^}'> + + uf^ + 


To define the symbols , choose coordinates which are orthonormal for the metric g at the point x. 
We notice that (2.3) only involves those terms in (2.1) which have total degree 2, where the total degree 
of a term 

(2.13) {dZhij{x)) di 
is |a| + \(3\. We write 

(2.14) A' ~ + Y {^keidkhij)de + , 

hj 

where the notation means that the expressions are equal up to terms having lower total degree, 
and where for i,j, k, i fixed, and are N x N matrix valued functions. The term is obtained 
by considering the terms in (2.4)-(2.9) of the form (5^ — ^/A)^j^kCpCq- We define the coefficient symbols 
of A' by replacing each occurrence of dj in (2.14) by (,j. 

(2.15) = Y^ki^kfihij = Y ^kAkithij. 

These are N x N matrix valued. We also define the coefficient components of A' by 

( 2 - 16 ) (jS = Y^kihij = Y^kihij- 

Then is obtained by collecting all multiples of (5^ — from (2.4)-(2.9), and its quadratic 

form is given by 

(2.17) (..(«<-(..0M := (S^-l/4,|«r—Uia.e((.<^.-2.<..+4.^».)T 


The symbol uP is obtained from (2.6) after subtracting the term which goes into uP. Its quadratic 
form is given by 


(2.18) 


(h, {uP{x,i)h) 


(25- l)|er“^"“Hrace 
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The term is computed from (2.7) and (2.8) and represents the interaction of j with the 

other terms after subtracting the terms which go into : 


{h, (uf)(x,0/i) = (25-l)|e| 


n — 2s — 4 


(2.19) 


trace 

\ 

+ |^p(tr/i) trace + 2(7*'°^^ 

+ ICP trace (6 (/i'Oj + (/i'Oi)^ • 


The term is computed from (2.9) and represents the interaction of j hijdfj with itself after 
has been taken into account; 


(2.20) {h, {ui^\x,^)h) = dimE 

X Qicn/ip - 2S\C\^\h-^f + {S + l/m-h-Cf + {S-im\trh){C-h-0 + \\C\\trhf'^ 
= dimE - 1/2) (-2|Cn/r-CP + + \ei(-h-0{tT h)) 

+ dimi^ |er-^^Qtr((Fnj^)2) + i(tri7ng^)"). 


The fact that (2.11) holds may be verified by explicitly computing {h, Us{x,^)h) by substituting (2.14) 
into (2.3). 


3. Calculation of A),. 

To apply these formulas to the Bochner and de Rham Laplacians Ap, we must compute the terms 
of Ap of total degree 2 in the form (2.14). Let (x^,... ,x'^) be local coordinates on M, and let AP{M) 
denote the bundle of alternating (0,p) tensors on M. Then the subsets I C {1,2,..., n} of size p index 
a basis for K^{M). The Ith basis element is dx^ = dx*^ A • • • A dx*p, where ii,..., ip are chosen so that 
ii < i 2 < • • • < ip and / = {ii,..., ip}. For a p-form F, we write in components 

n 

F = ^ F)^...ipdx*^ (g) • • • iX) dx*p = ^ Fi^...ipdx*^ A • • • A dx*p = Fjdx^. 

2X j... j2p 1 2X ^2p I 

where Fj := Fi^ , with ii,..., ip defined so that ii < • • • < ip and I = {ii,..., ip}. It is convenient 
to write 6 for d*. 


Lemma 3.1. In coordinates which are normal at a point x, 

((V*V)'F),,.„,^ ~ + ^(^d,h,k-\dkh,,^dkF,„..,^ 


+ (^ishjk + djhi^k - dkhi^j)djF^.^ j- . 

j,k 


j,k s=l 


(3.1) 



and 


{i5'd + d5')F)i^,„i^ ~ '^hjk d]kFi,...i^ + (d^h^k - dkFi^,„i 

j,k j,k ^ ^ 


(3.2) 


+ ^^^shjkFdjhi^k-dkhi^^)djF^.^ 

j,k s=l 

+ (^isj^jk--^di^i,hjj^F^.^ j'^ .^ 

j,k s=l ^ 

+ i9ljKk)F^ 

j,k s=l t^s 


j k i \.. .i^.. .iQ.. .ip 


Proof. To carry out this calculation, it is convenient to use the Einstein summation convention that a 
repeated index in the upper and lower position is summed over. Then 

(3.3) VVF..,„,, = 


S=1 


where the Christoffel symbols T^^ are defined by 




r ?3 = ^ {digje + djgu - degij] 




(3.4) 

Now using the fact that T^^-^ is tensorial in h, and computing in normal coordinates for g, we see that 

(3.5) Gf := 93<(rV) = i (ft‘ 3 + h‘\_, - '=) , 

and so 

((V*V)'F),,...,^ 

S = 1 

~ fc"8,F„..,.„ + 9''aE(-l)*+T‘.;F,,_ - ^ + E(-1)-+'01'=8,F,,_ g + Ofa^F...... 

S =1 S = 1 

~ 5"MF...... + 2X;(-l)'*‘Gi‘8,r^.i....C...., + Gf4F,.... + E(-ir+‘(9,Gt‘)F„._^^-^^^, 


S = 1 


S = 1 


Substituting the formula for G in (3.5) gives (3.1). 
For the de Rham Laplacian, we have 


p+i 


(3.6) 




S =1 
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and 


(3.7) 

But 

(3-8) -F, 




tp - 1 


P-1 




S = 1 


j fell. 


and so from (3.5), 

(3.9) + J](-l)*+iGfF 


p-i 


S=1 


j kil.. 


Set 

(3.10) 

Then 


lt>S - 


t > S 
t < S 


{6'dF),^,„,^ = (-(dF)^^^ J 


h^’^dkidF),,^,,.,^ + G]\dF)k^,...^^ + 

S=1 

'>"■ + E(-l)' '>"■ 82..-f, 

S = 1 

P 

+ Gf SfcFi, i + Gf V(-l)" F . - . 

3 ^ l\...lp j / ^ \ / is fc2l...2s...2p 

S=1 

+ (of - G‘f) 


S=1 

p 


(3.11) 


/ ^ ’ is ''t J fc^l...^t...^S•••^p 

S=1 


On the other hand, 


(8«'F).....v = E(-ir' s.j'i'FK.x... 


S=1 


^(-ir^^ y^F r i -fc + GfF ^ ^ + ^(-i)*+t>*g]>, 

I w) n/62’’*is***ip J 


S = 1 


t^S 


j kil. 
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r\j 


S = 1 S = 1 


S = 1 


S = 1 


(3.12) 


S = 1 t/s 


V ‘ ** / j k^l...^t■■■^s■■■^p / j / j'' > *t ‘s j kti...tt...ts---ip 


S = 1 t/s 


We notice that the second terms on the last three lines of (3.12) cancel with terms in (3.11), and hence 

+ E(-ir' + E(-i)'+‘( gJ-G«) 


S = 1 

P 


S = 1 


S = 1 S = 1 t^s 

which gives (3.2) on substituting in the formula for G in (3.5). 


4. Matrix entries of A),. 

As we already discussed at the beginning of Section 3, if we fix local coordinates on M about the 
point X, then dx^ forms a basis for A^, where I ranges over subsets of {1, 2,..., n} of size p. A p-form 
is then identified with a vector valued function (F/), and the Bochner or de Rham Laplacian at x can 
be identified with a matrix of (scalar) differential operators. The purpose of this section is to identify 
these matrix entries, or rather the terms of total degree 2 in these entries (see (2.13)). We will start 
by considering the Bochner Laplacian V*V, whose terms of total degree 2 are given in (3.1), which we 
rewrite here: 


((VW)'F),,...,^ ~ Y,h,k d%F,^...,^ + Y,{dAk-\dkh,^dkF,,..., 

j,k j,k ^ ^ 

P 

+ EE(“^)'^^ (^ishjk + djhi^k-dkhi^j)djF^.^ . 


j,k s = l 


(4-1) + I E {9]ihjk - + d]jhi^k) Fkip.X...ip^ 


j^k s=l 


Suppose that I = {ii,... ,ip} where ii <■■■< ip. The terms on the top line of (4.1) give II matrix 
entries. The summands appearing in the second and third lines give KI matrix entries, where K = 
(/ \ {F}) U {k}. We get K = I when k = is, so altogether, the II matrix entry of (4.1) is 

(4.2) ^hjkd]k + - ^dkhjj^ dk + EE + ^EE(^F^*E 

j,k j,k ^ ' 3 3 
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It is convenient to introduce the notation 


(4.3) Xdi) = { J '.I';. 

(4.4) sgn^(i) = { ^ 

1-1 J fl- 

After simplifying (4.2), we get 

Lemma 4.1. The term of total degree 2 in the II matrix entry ofV*V is 


(4.5) 


+ dihijdj) + ^'^sgnj{i)djhiidj + ^ ^ 
i,j i,j i,j 


The only other non-vanishing matrix entries of total degree 2 in V*V are KI terms where K = 
(/ \ {is}) U {k}, and k ^ I. These can easily be read off from (4.1), although one has to pay attention 
to the sign. 

Definition 4.2. For J C {1,2,..., n} and i G {1,2,..., n}, define 

(4.6) N{i, J) = #{j eJ:j<i}. 

The point of this definition is that 

(4.7) = (-l)^(*’'^)dx* Adx-^. 

Lemma 4.3. Suppose that J is a subset of {1,, n} of size p — 1, and / = J U {i} and K = JU {k}, 
where i,k ^ J and if^k. Then the term of total degree 2 in the KI matrix entry ofV*V is 

(4.8) ^_i^N{i,J)+N(k,J) i 

j ^ ^ 


We can carry out the same analysis for the de Rham Laplacian in (3.2). The only new feature is a 
new type of term appearing in the last line of (3.2), which we rewrite here: 


{{S'd + d5')F)i„„i 


(4.9) 


+ (9h'*«) A,.,...!....-.... 

s=l t^s k,i 


By writing J = I \ {ig, it} and L = .1 {J {k, i} and noting that 


Fi,. = (-l)*+*+i*-F 


s • • • • '^p 
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we see that LI matrix entry in the summand of (4.9) is 

(4.10) ^ ^ 

The case L = I can occur in two ways: k = ig and k = it, oi j = it and k = ig- Hence after carrying 
out the k,i sum (but not the s,t sum), the II matrix entry of (4.9) is 

Hence the II matrix entry of (3.2) is 

(4.12) hjk d]k + Y1 - ^dkhjj^ dk 

j,k j^k ^ ^ 

+ + '^Xi{i)xrU) {dlhjj - dfjhij) . 

ij ^ ^ i,j 

Simplifying this, we get the following. 


Lemma 4.4. The term of total degree 2 in the II matrix entry of d*d + dd* is 


1 


'^{hij dfj + dihijdj) + -'^sgnj{j)dihjjd, 






(4.13) 


Xi{i) sgnj{j)dlhjj. 






Now let J be a subset of {1,..., n} of size p — 1 and let p, q with p qhe such that p ^ J and q ^ J. 
Set / = J U {p} and K = J U {g}. The the summand in (4.9) gives an LI matrix entry, and L = K \i 
one of the following four cases holds; 


(4.14) i^=p^ k = q, it =i, ig =p, i = q, U = k, 

it=p, k = q, ig = i, it=P, ^ = q, is = k. 

Hence the KI matrix entry of (4.9) after summing is 

(4.15) + d]jhpq - d]phjq - d]ghjp). 


In order to see this, it is important to note that the sets J from (4.10) and J differ by one element, ig 
or if. By considering the other terms in (3.2), we get the following. 

Lemma 4.5. For I = J U {i} and K = J U {k}, where i,k ^ J and i k, the term of total degree 2 
in the KI matrix entry of d*d + dd* is 


(4.16) 


^ {{dihjk + djhik - dkhij) dj + (dfjhjk) - ^idfkhjj)) 


+ '^XiU) {dikhjj + d^jhik - dfjhqk 

j 



Finally, similar considerations as in the previous case give the following. 
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Lemma 4.6. Suppose J is a subset of {1,... ,n} of size p — 2, and I = JU{i,j}, L = J U {k, £}, where 
i,j, k, £ are distinct with i < j, k < £ and i,j, k,£ ^ J. Then the term of total degree 2 in the LI matrix 
entry of d*d + dd* is 

(4.16) + + + ^ ^ 

Because i,j,k,£ are all distinct, we see that this vanishes if h is diagonal. 

5. Proof of Theorem 1 for the Bochner Laplacian. 

Combining the following Lemma with (2.12) and (2.20), gives Theorem 1 for the Bochner Laplacian, 
see (1.7), (1.8) and (1.9). (Here in the proof we are dealing with the real case. The factor 2 in (1.7) is 
the dimension of the complex line.) 

Lemma 5.1. For the Bochner Laplacian V*V on p forms, 

(5.1) {h,u^^\x,0h) = {S^ 

(5.2) {h,u^^Hx,0h) = 


(5.3) {h,u^^\x,0h) = f 

+ (5-l/2)|Cr-2^-"(^) (4|enh-CP - 3(e-h-0" - |CP(C-/i-0(trh)). 


Proof. For j = 0,1,2, and subsets I, K of {1,..., n} of size p, write for the KI matrix element 

of and write for the KI matrix element of a^q . Now for a general operator on p-forms, we 

can expand the trace in (2.17) to get 


(5.4) {h,uf^h) 


(S^ 


l/4)|^|n-2s-4 




2 


+ ^ - 2aW^^ + 


^(2)IK _ ^^il)IK ^ 



For the Bochner Laplacian, we see from Lemma 4.1, we see that 
(5.5) 
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Hence 

(5.6) = -iC-h-C) + \Cf{tih). 

On the other hand, let I, J, K be as in Lemma 4.3. Then 

(5.7) = (-l)^(hT+iV(LJ)(^.(/,.^)^_^^(/,.^). + |^|2;^.^)^ 

= (-l)^(hT+iV(LJ)l + \^\^hik). 

We see that 

(5.8) + 4a(°)^^ = 0. 

Hence from (5.6) and (5.8), we see that for the Bochner Laplacian, 

(5.9) {h.ui»h) = (S2_i/4)|{|..-2.-4^(_,j.ft,5) + |{p(trft))" 

I 

= {S2-l/4)|{r2-‘(^") (-({.ft.{) + |«P(trft))\ 

which gives (5.1). 

Now we prove (5.2). From (2.18), we can write 

(5.10) {h,uf'h) = (2s-i)i«r2‘->|^^((.4ci")" - 

+ - i«PE(E&dr) (E&4r)))- 

Now from (5.5) and (5.7) we have 

(5.11) ^ sgn^(i)/iii^ . 

and with I, K as in Lemma 4.3, 

(5.12) = {ii{h-i)k - ^k{h-i)i + \i\'^hik) {ik{h-C)i - ii{h-€)k + \^?hik) 

= -iUhOk - ik{h-i)if + \i\%jk- 



With I, J, K as in Lemma 4.3, we see from Lemmas 4.1 and 4.3, that 

(5.13) 


= hpq + = (/i-Og + I Cq I '^sgn 


CJ, 


pq ^iphqk ^kphiq ^pqhik 


^pq'*^tK 5 


^ V ^p^pq — Cihqk ^khiq + Cq^ik- 
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We see that 


(5-14) ICPX] 1 = + \^f{^-h-0'^sgnj{i)hu + -|Cn ^sgn^(i)/ii 


] \ I 


and 

(5-15) fe^P = -\^\^'^{^ihkq-^khiqf + |<e|^/iffc. 

q \ p / \ r / q 

Putting (5.11), (5.12), (5.14) and (5.15) into (5.10), we get 
(5.16) (h,n(2)/i) = ier-2^-^25-1) 

- '^'^Xi{'i)xr{k) i{ii{h-i)k - ikih-^if - '^{^ihkq - Ckhiq)^jj. 

I i,k \ q J J 

Here, we use the fact that we can sum over all I and K of the form in Lemma 4.3, by summing over I, 
and over those i, k with i G / and k ^ I. Using (7.1), we find that (5.16) equals 


in —2s —4 



1 E - Uh<hy 


This equals (5.2). 
Now from (2.19), 


in —2s—4 


{h,n^y^h) = (25-l)|C| 

(5.18) + |eP(tr/r) + 


I 


Using (5.5) and (5.13), for the Bochner Laplacian we get 

_ _ 2f7(o)^^ = -{C-h-C) - E+sgn^(i)Eii 

i ^ ^ 

+ = -{i-h-i) + ^leP(trh) 

EE^^^ (6 (/i-Oi+0 (^'00 = 2|/i-Cp + {y-h-i)'Y^^gUj(i)hn. 
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Hence putting this into (5.18), 

The terms involving ^^sgnj{i)hii cancel, and we are left with 

(2S-l)|{r-2-‘(") (2|{nfc.f|2 - g.fc-O" - fltf ({■/.<)(&/.) + i|«|*(tr/.)=) , 

which equals (5.3). 

6. Proof of Theorem 1 for the de Rham Laplacian. 

Combining the following Lemma with (2.12) and (2.20), gives Theorem 1 for the de Rham Laplacian, 
see (1.7), (1.10) and (1.11). (Here in the proof we are dealing with the real case. The factor 2 in (1.7) 
is the dimension of the complex line.) 

Lemma 5.2. For the de Rham Laplacian on p forms, 

{h, ui^^h) 

{h,u<Z^h) = (5-l/2)|^r2M(”2^)tr((Rn^^)2) 

+ (s -i/2)\fr-^^-^ (^^^y-2\e\h-e + 

{h,uf'^h) = (5-l/2)|er-2^((”)-4(”“^))(tr(Rn^^))" 

+ - leic-hm^h)). 

Proof. We work in coordinates ^ in which h is diagonal. This is essential for the calculation of 
which becomes extremely lengthy if we drop this assumption. We know that is itself independent 
of the coordinates, because it is the coefficient of Us in the variable s^. To compute we apply (5.4) 
and use the notation given there. By Lemma 4.4, for the de Rham Laplacian, 

= i-h-i, 

^ {^-h-ff) + i|^p^sgn^(i)/rii, 

(6.4) 

^( 0)11 ^ ^ J^X/(j)sgn^(f)C|/iii = ^ J^X/(i)sgn^(f)C|^ii, 
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where the last equality holds since h is diagonal. Hence 




On the other hand, let I, J, K be as in Lemma 4.5. Then = 0, and 




T ^ ^ Xljj) {Ci^khjj + Cjhik CiCjhjk 


We see that 


(6.7) 

= (_l)Afb,J)+Af(fc,J)2^sgn^(j) _g ^2^,^ _ _ ^.^I^hij) 

j 

= (-1)^L’-^)+^('=’-^)2 ^ ^^sgnj-(j)/ijj j + hkk - hi^ CiCk, 

where the last line follows because h is diagonal and i & I, k ^ I. Because of Lemma 4.6, we have now 
considered all the non-zero matrix entries of the coefficient symbols. From (5.4) we get 

{h,uWh) = (52_l/4)|^|n-2.-4y- 


{C-h-0 +'^sgnj{i)sgnj{j)CfhjA + 4.'^xi{^Xi'{k)CUk | “ i^kk - ha) 


Multiplying out the brackets, we get 




- 2{^-h-^)'^sgnj{i)sgnj{j)^fhj 


+ EE sgniij)sgnj{i) {sgnj{i)sgnj{k) + ixiii)Xrik)) ^Ulhjjhu 

I 


+ 4 ^ ^ Xi{i)xi’ ik)CUk {‘^hiihkk - hi - /iL) 

i,k I 
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But we can considerably simplify the second line of (6.8) because 

(sgnjii) sgnj{k) + 4xi{i)xi'{k)) iUl 

i,k 

= X](®Sn7(i)sgn^(/c) +2x7(i)y;7'(^)+2X/'(0X/(A:)) CUl = = ICI^- 

i,k i,k 

Hence we get 


(6.9) 


(h,U«/7) = C(s)(52_^/4)|^|n-2.-4|^ 

+ i^i'EE sgnj{j)sgnj{i)hjjhee 
j,e I 


- 2(e-/i-o SE sgn 7 (f) sgn 

'^ij I 

+ 4 ^ ^ Xi{i)Xr {k)CiCk {‘^huhkk - hi - hl^) J. 
i,k I J 


From (7.1) and (7.2), 

EE®Sn7(i)sgn7(j)e-hjy = ((p) “ ^ (p _ 1 )) + ^ (p _ 1 ) 

^sgn^(i)sgn^(£)/i,,/777 = (trh)" + 4 ^ _ J ^ jhp, 

i,k 1 Vc / 

Hence putting this into (6.9), we get 

(h,nZ)h) = (52-l/4)|er-^^-"((^)(C-h-C)2 - 2 ((^) - 4 (^ 3 ^^)) |eP(C-/i-0(trh) 


which equals (6.1). 

The proof of (6.2) is the same as the proof of (5.2), because is the same for the Bochner and 
Hodge Laplacians. 

/ox 

Finally we compute ul using (5.18). From (6.4) and Lemma 4.4, we have 

_ = -iC-h-C) - |^p^sgn(7)/iii - i^sgn^(i)sgn^(j)^|/iii 

-ctW" + 2uW^^ = -iC-h-O + i JZsgn,(i)sgn,(j)C2h,, 

hi 

( 6 . 10 ) 

EE^^^ i^iih-Oj +Cj{h-^)i) = 2|/i-Cp + iC-h-^)Y^&^iik)hii- 
j i 
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and so putting this into (5.18), we get 




I (C-/i-0 ( -(C'/i-C) - |?P^sgn^(i)/iii - i^sgn^(i)sgn^(j)^|/ii 

V \ i i,j 

+ lcp(tr/i) ^ J^sgn^(i)sgn^(j)^|/iiij + ^ sgn^(i)/iii^ ^ 

The two terms involving a single sign functions cancel, and we get 


{h,uf^h) = (25-l)|e|' 


i-2s-4 / / n 

P 




+ 5(l«l“(trA)-«■/.<)) sgnj(i)sgnj(j)^fhi 

i,j I 


From (7.2), this gives 


{h,uf)h) = (25-i)ier-2^-"(^(^^j (-(e-h-0" - iep(c-h-c)(trh) + m"\h-e) 

+ \ (p_ l)) (I^P(tr/i) - iC-h-CWfitih) + 2 i) (l?P(trh) - (f/i-0)(f h-O- 

Collecting terms, we get 


(h,^^)/,) = (25-1)1^1 


n — 2s — 4 I 


n 


21 ^ I If IW + - 


n 


2 1 


+ i-K;;)+4;:n)i«t(‘''=)«'-o + 5 


«)_4(^-2 

py Vt’- 1 


ICI"^ (tr/i)^ , 


which equals (6.3). 


7. Free terms. 

In Sections 5 and 6, we use the following elementary formulas. The sums here are over all subsets I 
of {1,..., n} of size p. 


(7.1) 
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^sgn^(j)sgn^(/c) 


n — 2 




Proving such formulas is simple. For example, for (7.1), one considers separately the cases when i = j 
and i ^ j. When i ^ j, the left hand side is the number of sets I which contain i but not j, which is 
/ n — 2\ 

\ p 1 / ' — j the left hand side is clearly zero. For (7.2), we first expand each sign function: 

sguj = Xi ~ Xr ) and then deal which each product of characteristic functions separately. 

We end with a remark on another approach to carrying out the calculation of Us- For the sums 
in (7.1) and (7.2), we refer to the coefficient on the right hand side which does not involve any delta 
functions as the free term of the sum. This is the value of the sum when all the fixed variables are 

/ n — 2 \ 

distinct. For example, the free term of the sum on the left in (7.1) is ( ^ 1, and the free term of 


^ sgn^(z) sgn^(j) sgn^(/c) sgn^(£) 


islbf^ 81^ + If one tries to carry out the calculation of {h , u»/i) for the de 

\P-2J \P-^J \PJ 

Rham Laplacian without using coordinates in which h is diagonal, one is faced with several sums similar 
to (7.3). It turns out that one can replace such sums by their free terms, and the resulting answer is 
correct. The idea behind this is that the non-free terms always give rise to quadratic expressions in h 
which are not coordinate independent, whereas Ug is coordinate independent. If one could prove that 
the coordinate dependent terms arising from the non-free terms cannot add up in the end to produce 
a non-vanishing coordinate free term, then this would give another reasonably short way to carry out 
the calculation of tt.. 
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